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1 Introduction

Bohmian mechanics [8, 5, 14, 16, 17| is a complete quantum theory about
the motion of point particles from which the usual quantum formalism can
be derived by an analysis of "measurement” [16].

The motion of spinless non-relativistic particles is defined by the ordinary
differential equation (4) below, that depends on the quantum mechanical
wave function of the system under consideration.

While particles in Bohmian mechanics in general have highly non-Newtonian
trajectories, we will show how, in the special context of potential scattering
theory, their long time asymptotes retain some ”classical” features. We shall
use those features to prove that for short range potentials V'(q) falling off
like |q|=%7¢ for |q| — oo the exit statistics for a surface far away from the
scattering center made by a wave function ¥ = U*4+ WP ¢ ‘H,.(H)+H,,(H)
are up to the squared norm [|[¥??||? of the bound part of the wave function
the same as those made solely by the scattering part We.

For V' = 0 (i.e. for free particles) almost all Bohmian trajectories asymp-
totically behave like trajectories in classical mechanics; the particles asymp-
totically move with a uniform velocity (Section 3). For the related theory of
Nelson, stochastic mechanics, the same was proved by Shucker [28].

In Section 4 we turn to the behavior of Bohmian trajectories if V' is a short-
range scattering potential. Then, for suitable potentials, there are two dis-
tinct classes of wave functions, scattering wave functions W*¢ (that belong to
the absolute continuous spectral subspace H,.(H ) of the Hamiltonian H) and
bound wave functions WP (that belong to the pure point spectral subspace
H,p(H)). That the former become asymptotically free for t — oo (they tend
in L, to asymptotic outgoing waves ¥°“ that evolve according to the free
time evolution), is reflected in the behavior of their Bohmian trajectories.
Almost all their long time asymptotes behave like those of the trajectories of
Uout and thus like trajectories in classical mechanics again (Subsection 4.1).
In Subsection 4.2 we deal with more general wave functions ¥ = W 4 prpP
that have both a scattering and a bound part. We show that the long time
asymptotes of the Bohmian trajectories split according to the splitting of the
wave function. The "scattering” part moves out to spatial infinity linear in
time and becomes free and classical in the same sense as above. The situation
is somewhat different for the "bound” part. Since a bound wave WPP stays in
the sphere of influence of the potential V' even in the long time limit, it should
depend on the exact form of the potential V' (how ”strong” it is) and on W?P
itself wether "bound” Bohmian trajectories behave like classical trajectories
or not. This is an aspect of the classical limit for Bohmian mechanics that
we will not deal with here. However, we prove that, under certain conditions
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on VU and regardless of the exact form of V', almost all "bound” trajecto-
ries stay inside a ball around the origin with a radius growing only sublinear
in time. So, while we cannot say that a "bound” Bohmian trajectory stays
bound in the sense a classical trajectory would, it certainly stays bound in
the weaker sense that it can move out to spatial infinity only on an much
larger time scale than a "scattering” Bohmian trajectory.

While the main concern of Section 4 is the long time behavior of wave func-
tions W; and their Bohmian trajectories, in Section 5 we will discuss its
connection to the scattering cross section and thus to experiment.

For W§¢ = e~ #'yac € H,.(H) one such connection is given by Dollard’s scat-
tering into cones theorem [12]. Assuming asymptotic completeness of the
wave operators it asserts that the probability of finding a particle in a cone
C' C R3 with vertex at the origin is in the long time limit the same as that
of finding the quantum mechanical momentum of the asymptotic outgoing
wave U in the same cone,

i [ g da = [ 1850 P . 1)
C C

Since one can derive from it the expression of the differential cross section
4o — |f(6,¢)|* of time independent scattering theory (see e.g. [4]), (1) is
regarded as fundamental for quantum mechanical scattering theory.
However, in a scattering experiment one will typically not look at the prob-
ability wether or not there is a particle in a given cone at a given time but
rather at that wether or not a particle crosses a given distant (detector)
surface in a given time interval. It was Combes, Newton and Shtokhamer
9] who first gave the heuristically clear notion that the latter should be
given by integrating the quantum probability flux j¥ over the surface and
the time interval in question the form of a mathematical rigorous theorem,
the flux-across-surfaces theorem (FAST)

lim dt/ (q,t nda—/|\11"“t )|? dk, (2)

R—o00
0
where Y is a measurable subset of S, the sphere with radius 1, RY := {Rq €
R?®| g€ X} and Cxg :={A\g € R? | ¢ € X, A > 0} is the cone spanned by X.
Meanwhile (2) has been proved for several classes of scattering wave func-
tions U and potentials V' [10, 19, 2, 3, 31, 11, 24, 23, 13]. With the help of
(2) Diirr, Goldstein, Moser and Zhanghi derived the scattering cross section
for short-range potentials and pure scattering wave functions in a rigorous
limit procedure [15](see also [22]).



Since a realistic scattering experiment is performed on a large but neverthe-
less finite scale there is however no reason to restrict oneself to pure scattering
wave functions U*¢. On the contrary, the preparation of a beam of states in
a scattering experiment will in general produce wave functions with bound
components (see [15]: Subsection 5.1 and Section 7). Thus in Section 5 we
exploit the splitting of the asymptotic Bohmian trajectories into ”scattering”
and "bound” ones (described above) to prove a slightly modified version of
(2) for general wave functions ¥ = W 4 ¥PP. Using this FAST we can
deduce the following for the exit statistics through a surface at a distance R
from the scattering center:

e For every wave function U = U + WP € H,.(H) + H,,(H) there is
some time t(R) with t(R) — oo as R — oo such that the exit statistics
until this time ¢(R) are — in the limit R — oo — completely determined
by the scattering part W% of the wave function alone.

e Also, the exit statistics for all time are — up to an error of order || ¥??||*~
induced solely by the scattering part W*¢ of the wave function.

Recall that states in a scattering experiment are usually prepared far away
from the scattering center (if not at spatial infinity) so the bound component
UPP of the wave function will be small in Lo-sense, | UPP|| < e. Then the
difference in the exit statistics is at most of order £2.

We start with a brief account of Bohmian mechanics in Section 2.






2 Bohmian Mechanics

In Bohmian mechanics the state of a system of N spinless, non-relativistic
particles is described by its quantum mechanical wave function W,(q), where
q = (¢1,92,---,q,) € R" (n = 3N), and by its actual configuration Q =
(Q1,Qs,...,Q,) € R" where the @y are the positions of the particles.

The wave function evolves according to the Schrodinger equation

L OV
ma—t’* — HY, (3)
and governs the motion of the particles by
d Qy, o h Vil (Q)
— = t) = —Im(—————). 4

Here the my, are the masses of the particles and V;, = %. In (3) H is the
usual non-relativistic Schrodinger Hamiltonian
1o 1
H=-2) —~Ap +V(g) = Ho+Vl(q) (5)

2 m
k=1 'k

with the non-relativistic interaction potential V.

The dynamical system defined by Bohmian mechanics is naturally associated
with a family of finite measures P¥* given by the densities p¥*(q) := |¥;(q)|?
on configuration space R"2. If at some time t, we start with a random
distribution for the configuration ¢ of the system given by p;,, = p¥t, for
any other time ¢ the density which this is transported to by (4) will be given
by p; = p¥t. This property is called equivariance [17]. More precisely, let
®,,, : R* — R™ be the flow map of (4), i.e., if ¢ is the initial configuration
at time o, ®;4,(q) is the configuration at time ¢ which ¢ is transported to by
(4). Then the density py, is transported to p, = py, - Bt = pry - Pyor. We
say that the functional ¥, — PYt, from wave functions to the finite measures
PYt (given by the densities p¥*) on configuration space, is equivariant if the
diagram

Ut—t,
— ¥

LR

| |

p\I/t(to) p\I/t
Fito

IMore rigorously: H is a self-adjoint extension of H lcge®ny = Ho + V (with Hy as
above and V : R™ — R) on the Hilbertspace L2(R™) with domain D(H)
20f course, for p¥t(q) to define a measure ¥, must be normalized, i.e. the Ly - norm

[l =( [ |\Ilt(q)\2dq)% must be equal to 1.
R3N
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commutes. Here U, = e~*! is the solution map for the Schrodinger equation
(3) and Fy 4, is the solution map for the natural evolution on densities arising
from (4), i.e. Fiyy(p¥t0) = p¥to - &, (see above).

Equivariance follows from comparing the classical continuity equation

a/?t(Q) + V- pi(q)v(g,t) =0 (6)

with the quantum continuity equation
9 2 T
where the quantum probability flux ;¥ is given by

Ji (g, t) = ilm(%@*v%@) =g (¢, 1)[Wi(q) . (8)

my

On the family of measures P¥* we bestow the role usually played by the
stationary ”equilibrium measure”3. Thus P¥* defines our notion of typicality
[17], which by equivariance is time independent. Let A C R™ be measurable.
Then by equivariance

PY1(A) = /XA(Q)|‘1’t1(CI)|2 dq = / (Xry, (1) Prrt) (@)W, (q)]? dg =

R™ R™

— [ o @90 @) (@) da = o)
Rn

— [ o u @M@ do = B (21,,(4))
Rn

where x4 is the characteristic function of A that is one on A and zero else-
where.
From now on we will set & = m;, = 1 (without real loss of generality).

2.1 Global Existence of Bohmian Mechanics

Up to now we tacitly assumed that Bohmian mechanics exist globally (i.e. the
particle trajectories are well defined for all times) for every Hamiltonian H as
in (5), every wave function ¥ and all initial times ¢, and initial configurations

3Since in most cases the velocity field defined in (4) will be explicitly time dependent
one cannot expect to find a stationary measure.
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qi, € R™. Of course this is not true. The velocity field as defined in (4) need
not be well defined at singularities of the potential V' (since there ¥ need not
be differentiable) and surely is ill defined at the nodes of W. A trajectory
could also escape to infinity in finite time. However, Berndl et al. [6] showed
PY-almost sure global existence of Bohmian mechanics for suitable potentials
and initial wave functions. While their proof is for spinless non-relativistic
particles only, Teufel and Tumulka [32] recently gave an alternative proof
that can be applied to any Bohm-type dynamics (e.g. Bohm-Dirac theory)
and for spinless non-relativistic particles uses conditions on potential and
wave function that are somewhat more general than those in [6].

Those conditions are:

A 1. The potential V' is locally in Lo outside at most finitely many singu-
larities: V € L¥¢(Q)), where Q is the configuration space, @ = R™\{q € R" |
V(q)is singular}.

A 2. The initial wave function Yy is in the domain of H, ¥y € D(H), and
is normalized, |[¥o|| = 1. Moreover ¥, = e *H'W is two times continuous

differentiable, ¥ € C?(Q x R).

A 3. For all0 < T < oo there is some Cr < 0o such that sup |V < Cr.
[t|<T

Remark 1. ¥ € C?(Q2 x R) implies that v¥ is a C'-function on (Q x R)\N/,

where N' = {(¢q,t) € (2 x R) | ¥;(¢) = 0} is the set of nodes of V.

Proposition 1. Assume A1 - A3. Then for PYo-almost all g € Q the solution
Q(q,t) of (4) starting at Q(0) = q ewists for all times t € R.

The proof can be found in [32].

Remark 2. Since the set of singularities of the potential V' consists of at most
finitely many points, it has Lebesgue measure zero and thus also PY0-measure
zero. So Proposition 1 holds also with "P¥o-almost all ¢ € Q7 replaced by
"PYo-almost all ¢ € R™” (recall Q = R"\{q € R" | V(q) is singular}).

Remark 3. If V =V, +V, € C*(Q) (with Q as in Al), V} is bounded
from below and V5 is Hp-bounded with relative bound < 1, then the form
sum H = Hy + V is a self adjoint extension of H |COO(]Rn). Moreover for

U, = e, with Uy € C°(H) = ﬂ D(H') and [|[¥y]] = 1 A2 and A3

hold (¥ is even in C*°(2 x R)). Thus the Bohmian trajectories Q(q, t) exist
globally in time for almost all ¢ € R™. For a proof see [6] (Corollary 3.2) or
[32] (Corollary 4).
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2.2 Some Notation

By €, we denote the configuration space {2 without the "bad” points ¢ for
which the solution of (4) starting at ¢ at time ¢ does not exist for all times.
Since they differ only by sets of P¥0-measure zero (Proposition 1 and Remark
2 above) we shall mostly not discern between R™, Q and €, and call all three
"the configuration space”. It will prove convenient to define most quantities
on the whole of R™.

Further we adopt the following conventions for the solutions of (4).

Qto (q7 t) = cI)t,to (Q)
and

Q(g,t) == Qolg, 1) = P1o(q) =: P4(q)

for all t, tp € R and ¢ € €),.



3 Bohmian Trajectories for Free Particles

In classical non-relativistic mechanics particles in systems with potential
zero move with uniform velocity v (possibly zero), i.e. their trajectories
are straight lines. We show that in the long time limit the same is true for
PY-almost all free trajectories in Bohmian Mechanics. In addition we find
in accordance with orthodox quantum theory that the density of the proba-
bility distribution for the asymptotic velocity v, is given by |\if0|2 whenever
|Wo(q)|? is the probability density for finding a particle at ¢ at time 0. Here
Fourier transformation is denoted by ~.

In our proof we follow Shucker [28] who showed essentially the same thing
for stochastic mechanics.

We consider a system of N freely moving spinless non-relativistic particles.
Then the Hamiltonian of the system is given by Hy := —%A where A = V2
is the Laplace operator in n = 3N dimensions. Let ¥, = e "', with
U, € S(R™), the set of Schwartz functions, such that A2 holds. Note that
for H = Hy 2 = R™, so Al is automatically fulfilled. Moreover ¥, € S(R")
guarantees A3, i.e. we have almost sure global existence of Bohmian me-
chanics.

We state our main result as two corollaries to a rather technical theorem
(Theorem 1).

Corollary 1. Let ¥y € S(R") and ¥, = e o'W, Assume A2.
Then vy(q) := tlim @ exists for PY-almost all ¢ € R™ and the distribution

of Voo has density |0, |2.
Corollary 2. Let Uy € S(R"?) and ¥, = e~ 0!, Assume A2.
Then for alle > 0 and § > 0 there exists some Ty > 0 such that
P ({g € R" | sup [v"(Qlg,1),t) — vaolq)] < 8}) >1—e.  (10)

t>T%

The structure of the proof is the following. First we establish some esti-
mates on the wave function ¥ and the velocity field v¥ (Proposition 2 and
Lemma 1). Next we will find subsets of initial configurations ¢ at some
large time 7" that have PY7-measure arbitrarily close to 1 and guarantee that
the velocity field vV is well behaved for all times ¢ > T in the sense that
0¥ (Qq, t),t) — M| < § for arbitrary small § > 0 and all ¢ > T (Theorem
1). Then Corollary 2 and Corollary 1 are indeed easy consequences of The-
orem 1.
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Proposition 2. Let ¥y € S(R") and ¥, = e *Ho"W,. Then

. _n ’i‘q_y|2 n
U, (q) = (2mit) "2 /e 2 Wo(y)d'y =
Rn
iq2 ~ n ig> ay , iy?
= @5+ Cr ieH [ —nw ary = O

= 1(q,t) + palq,t)

and for all v € R there is a ¢, < oo such that

t n
)" and [Va(g, 1) < et 72 (o

|902(Qa t)| < CTt_%_l( |q|

for allt >0 and g € R™\{0}.
The proof can be found in [19] (proof of 2.7).

Remark 4. Recall that we want the long time asymptotes of the Bohmian
trajectories Q(q,t) to become straight lines, i.e. M to be of order one
(for t — o0). This desire is mirrored by our choice of wave functions. For
¥y € S(R") it turns out that relative to ¥, we can treat {, too, as if it was
of order one in the sense that multiplication of ¥; or VW, by (%)T (where
r € Ry is arbitrary) does not alter how fast ¥; or VW, decays in ¢. This can
be read of from Proposition 2 as follows.

In (11) Wy(q) is split into ¢1(q,t) and @o(g,t). While (12) ascertains the
desired behavior for s, for ¢ we get it by noting that ¥y € S(R™) and thus
(g)m@o(g) is bounded for every m € Ny. So by (11)

t t

for all m € Ny and some ¢,, < co. But this can be easily extended to hold for
all r € Ry; for ﬁ < 1 respectively |%,\ > 1, (‘%')T is bounded by (ﬁ)m where
m is the smallest integer larger than 7 resp. the largest integer smaller than
r. In the same way we get bounds for V.

Later on the ability to treat  as essentially constant in certain circumstances
will come in handy since it allows us to "translate” decay in time into spatial
decay. So we keep the full statement of (12) although in this Section (and

the next) we will use it with » = 0 only.
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Lemma 1. Let Uy € S(R™) and ¥, := e~ "H'W,. Then

tlirgo/]|\pt|2—t—"|@0(%)\2}dnq:0 (13)
R

and there exists a Cy < oo such that for all ¢ € R™ and all t > 0 with

Wi(q) #0

07 (g.8) = 2] < ot ()| (14)

Although the first part of Lemma 1 is well known (see e.g. [12, 14, 27]) its
proof for ¥, € S(R™) is so short we add it as a matter of completeness.

Proof of Lemma 1. Since ¥, € S(R™)

loa(- D)l = | (2t) 2 / (e — 1)Wy(y) dy]| =

— |1 F((e% = 1)y >)<->|| — (€5 — )To()] <

/ZJQWO )?d"q < ct? =0,

where F denotes Fourier transformation. Then, using ||a|* — |0]*| < |a —
b|? + 2|b||a — b| (where a = W,(q) and b = p1(q,t)), (13) follows by Schwarz
inequality and the normalization of Wy.

Now let ¢ € R™, ¢ > 0. Since ¥y € S(R"?), [|V,e' il Uo(y)| d™y =

i |@1110(y)| d"y < oo. Therefore we can mterchange integration and differ-
entiation in

VU, (q) = (2mit)~ 2V/ il d"y =

(2mit) "2 /qu lq;l (y)d"y = (15)

. LN \q y\ n
= iTw,(q) — & (2mit) / ye 5wy () vy,

R
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Again using ¥, € S(R"), this gives us with (4)

V‘I’t(Q)) _ €| _
Vi(q) t
Jg—y|?

:‘Im(%(%rit)_%klft(q)‘l / ye' 2 Wo(y) d"y)| <

R"

[0 (¢,#) = 7| = | Im(

Ja—y|?

i . _n — y N A, m
< |stemity i) [ e waly) ] <
R

< n) @ [ )] dy < Gt ()|
R”l

for some C] < oc. O

As mentioned above we wish to control [v¥(Q(q,t),t) — M| for T (and
thus t) big enough. By (14) this is tantamount to finding a lower bound on
|U:(Q(g,t))|. While we do know by [6, 32] that P¥-almost all Bohmian tra-
jectories Q(g,t) do not run into nodes of W, this only implies |U‘I’ (Q(q,t),t)—
@| < 00. We need to do better than that. Indeed we can do better than
that as in our special case it suffices to put a bound on |tz ¥,(Q(q,t))|. But
for t big enough this is nearly the same as |@O(W)| and if the Bohmian
trajectories really become straight lines asymptotically, % will be essen-
tially constant and we should be able to control ’v‘l’(Q(q,t),t) — @‘ by

putting suitable conditions on |\ilo(%)| alone. This considerations lead us to
the following definition and to the formulation of Theorem 1.

Definition 1. For ¥y € Ly(R™) and §; > 0, §3 > 0 define
As? = {g € R" | |Wy(g)] > 61}
and

AYS = {q € R" | Us,(q) := {y € R" | |g — y| < 6} C A}°}.
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Theorem 1. Let ¥y € S(R") and ¥; = e HotW,. Assume A2. Then for all
e > 0 there exist some T, > 0, 61 > 0 and 6o > 0 such that

pYre ({q eR" ‘ = ¢ A5152}) <é¢, (16)

q)y—\xlf y|<51 V> T (17)

sup
q€R™\{0}

and for all ¢ € R"\{0} such that 7 € Ag}l%2

QTs(Q7t> €U62(Ti> and
t : Qe ) Vi>T. (18)
" (Qrlg.1).1) - === = 0@ <4
Proof of Theorem 1. Let ¢ > 0 and define
Cg(sz( T.) == {q e R" | - §ZA5162}
Then
P (CL@) = [ @ d s
G35, (1)
< [ g res [ el - g Pl s
C&ﬁsg( <) 051%2( <)
< [ P dw/u% I = T o) .

¥
0
(455,)°

where k := 7.
To get a bound on the first term we note that

(A% e = (AT U {k € AT | Uy (k) ¢ AL},
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Then
[ twwrer= [ pbwrars
(A7 0)e TAGIEN
< [ mPmb k[ EPaE <
|9 (k)|<61 B

< ATR6, + / | (K)|? dk
BC

R

for all R > 0. Since W, € Ly(R") there exists some R > 0 such that
/\\i/o(k)|2d"k < %
By

Thus it is possible to choose d; > 0 small enough such that

/ W (k)2 d"k <

7
(4;0)¢

£
T

Moreover, since ¥y € S(R") and thus also ¥, € S(R"), ¥, is continuous.

Therefore A:;IIIO is open and there exists some d, small enough such that

3

[ wwrar<s

14 N7
{kGA(SlO |U62 (k) ¢A§10 }

To get a bound on the second term we use that by (13)

€

2

—n |\ q n
J10n@P = 71 P av <
Rn

for all T big enough. Thus (16) holds for all 7. big enough.
Moreover, noting that by (11)

115 |Wi(q)| — |Po()]] < 3] a(a,t)
t

(17) follows directly from (12) if one takes r = 0 and T big enough.

Now let 7% € A;Ijl%Q and suppose there exists some t; > T, such that —QTEt(lq’tl) 4

?
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U62<T%)~ Since Qr.(q,t) is continuous in ¢ (by Remark 1), this implies that
the first exit time t., := max{7T. < s QTE q,) ¢ Us ( ) A QTEt(qvt) c
Us,(7x) VT. <t < s} exists and {QTft(it”) N TE‘ = 0s. MOI"eOVer QTET(q,r) c

Us,(7£) C Agjlo, ie. |\i/O(QTST(qT))| > 6 for all T. < 7 < t.,. By (17) this
implies

0 (Qrla.n)| 2 Drd VI <7<t

and thus by (14)

QTE<Q77—) 2C'1 71
) - QD))

0" (Qr.(q,7),7) — <% VT, < T < teg.

Therefore for T, big enough

Qg?el‘ aQE
\L——L/\ .

tex

:/;h) (Qr.(q,7),7) — QT€ !d </i2—c’1d7<

T
2
S &T < 627
01
which is a contradiction. Thus (18) holds. O

Remark 5. We used the domain ¥y € S(R™) to simplify the proof. However,
Theorem 1 and thus Corollary 1 and Corollary 2 hold also if this condition
is replaced by

[Wo(q)| < C(A+ g7
and

97 %o(@)] < C(L+g)* = (nl=1)

for some C' < 00, € > 0 and all ¢ € R™. Here 7 is a multi-index.
Then all our estimates hold except for (12) in Proposition 2, which remains
valid for » = 0 only. But that was all we used.
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With Theorem 1 it is now easy to show Corollary 1 and Corollary 2.

Proof of Corollary 1. Let € > 0. Then there exist 6; > 0, o > 0 and
T: > 0 such that (16), (17) and (18) hold.

Let € A;I]l%z. Then (18) implies that there is a C' > 0 such that

to

‘QTS(q’tl) — QTE(q’tQ)’ < /%|UT(QTE(Q,T)7 T) - QTE( ‘dT <

1 to

(19)

t1
<C'—tyh) <ot
for all tQ Z tl Z Tg.
Now let 0 > 0 and define T, := max{TL, Q}. Then (19) implies

t t
q ‘QTE q,t1) _ QTEEQ» 2)‘ <5
2

g
= €A, = sup
T t1,62>Tes

and by (16) we get

t t
t1,t2>T,s ty t2
Note however, that Qr.(q,t) = @ 7.(¢) and Q(g,t) = Pro(q) = Pi(q) (see

Subsection 2.2), so by equivariance (see (9))

P'" ({geR"| sup ]QTE(%M - QTE(q’tz)] <d}) =

t1,t2>Tes 31 2
d P
— p¥o (‘IDO,TE({C] €R'| sup | “’tTf( d ”Te )| < 5})>
1,t2>Tes
q)h (Q) _ (I)tz

=P"({geR"| sup ‘ . |<5})
t1,t22>2Tes 1

:IP%({Q ER™| sup ’Q(qvtl) _ Q<Q7t2)‘ < 5})

tta>Tes 1 lo

and thus

P*({g € R"| sup \Q(q’m - Q(q’ f2) | <6})>1—-e  (20)

t1,t2>Tes 1531

But (20) is a sufficient condition for P¥-almost sure convergence of A t).

Let ¢ € R" such that lim Q(q D does not exist. Then < ) is not Cauchy, ie.

t—o00

there is some 6 > 0 such that

§¢{qgeR"| sup_ |

ty,t2>

| <3}

Qa tl) . Q(Q7 t2)
t



17

for all T' € R and thus also for all T.s where ¢ > 0 is arbitrary:

§¢ {qgeR"| sup ‘Q(Qatl) _ Q(th)

tte>Tes L1

| <9}

for all e > 0. By (20) this implies that § is in a set of measure zero.
It is left to show that the distribution of v, has density |¥,|>. Let A C R
be measurable. Then by (13), the definition of v,, and using equivariance

P*({g €R" Jus € A}) = lim P*({g € R" | ( € A}) =

~ im P ({ge R | e a}) = gggo / () d' =

1cA
=i [ (D g / k)| d°,
t—o0
9eA A
where we substituted & = { in the last step. O

Proof of Corollary 2. Let £ > 0. Then there are ; > 0, do > 0 and

T: > 0 such that (16)-(18) hold. In particular, for ¢ such that 7 € A(\?I%Q,
(18) implies

. & 78
0" (Qr.(g.1).) — lim %I <
ng, _ Qn(gs ng, 21

< tim |20 _ Q@) v g g0, - L0l o @Y
<20t

for all t > T, where C' is the same Constant as in (19).

Now let § > 0 and define 7.5 := max{7%, 2¢}. Then (21) implies
4 € Agj% = sup ‘U‘I'(QTE(q,t),t) — lim QTE( | < 0.
T " >T.s 500

This together with (16) and equivariance yields the desired result (see the
proof of Corollary 1 for details):
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3 BOHMIAN TRAJECTORIES FOR FREE PARTICLES

<P ({ger| L eall)) <

<PY({g € R"| sup |o*(Qr (. 0).0) — lim QTE Qrla:5)) _ g1y =
e )

S§—00

:Pq’o({q e R" | sup ’vq’(Q(q,t),t) — Vso(q) ’ < 5})

t>Tes
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4 Bohmian Trajectories in Scattering
Situations

We will now look at a situation where a spinless, non-relativistic particle is
scattered by a short-range potential, i.e. the Hamiltonian of the system is
given by H = Hy + V(q), where Hy is the free Hamiltonian from above (in
three dimensions, N = 1) and the potential V' (¢) decays sufficiently fast for
|g| — oo. Then, if the particle is far away from the scattering center, it is
quite natural to assume that it is almost free and again has a (virtually)
straight trajectory. Also if the potential allows of bound wave functions one
would expect to find trajectories staying in some sense close to the scattering
center.

By a short-range potential we mean V' € (V'),, which is defined as follows.

Definition 2 ((V)u). For m > 2 the following conditions on the potential
V' will be denoted by V € (V),,.

(i) V € L2(R3,R)

(ii) V is locally Holder continuous® except at a finite number of singulari-
ties.

(111) There ezxist e > 0, Cy > 0 and Ry > 0 such that |V (q)| < Colq|™™¢ for
all |q| > Ry.

For n = 2 those are the conditions of Ikebe [20] and the following holds.
Proposition 3 (Asymptotic Completeness). Let V € (V)y. Then

(1) V is Hy-bounded with arbitrary small relative bound and H = Hy+ V'
is self adjoint on D(H,).

(ii) The wave operators Wy = s — lime!Hte—Hot

exist and are asymptoti-
t—=o0

cally complete®.

(111) The absolute continuous part of the spectrum is [0,00) and there are no
positive eigenvalues.

4V . D — R is locally Holder continuous if for all o € D there is an open neighborhood
U(qo) € D and some C' > 0, a > 0 such that [V (go) — V(¢)| < Clgo — q|* Vq € U(qo).
SW. are called asymptotically complete if RanWy = H.(H) = Hqe(H).
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For a proof of assertion (i) see also [26] (Theorem X.15).

So now we know that all wave functions orthogonal to all bound wave func-
tions, i.e. all wave functions in H,, (H), lie in Hu.(H ), the absolutely contin-
uous subspace for H. More importantly their long time asymptotes become
free in the following sense (for a more detailed discussion of the following see
[19]).

lim [|(W, — 1)) = 0,

ie. e sWge ny e~Hosgace for ¢t big enough and ¥ € H,.(H). Note that
apart from some obvious change of signs the same is true also for t — —oo.
Thus those so-called scattering wave functions roughly speaking start off at
t = —oo as "free” wave functions, evolve into something more complicated
and finally end as "free” wave functions again at ¢t = oc.

But how does this fit in with our notion that a particle ”far away” from the
scattering center moves almost freely? As far as we know it was Enss [25]
who first showed that the spatial support of scattering wave functions travels
to infinity as |t| — oo. Then Born’s statistical interpretation of W tells us
that for |t| — oo, i.e. when W§¢ evolves according to the free time evolution,
the particle is indeed far away from the scattering center.

In line with the above we show in Subsection 4.1 that the Bohmian trajecto-
ries for a large class of scattering wave functions become asymptotically free
in the sense of Section 3.

But what about the bound wave functions? It is known (see e.g. [25]) that
the spatial support of every bound wave function W” € H,,(H) essentially
stays in a bounded region around the scattering center for all times, in the
sense that for all € > 0 there is a R > 0 such that

sup/ WP (q)|* d*q < e. (22)
1eR 4

R

Note that although this shows that the probability of finding the particle
outside a ball with a certain radius R is very small for all times, taken alone
it does say nothing at all about the probability that the particle’s trajectory
leaves this ball at some time. Nevertheless, in Subsection 4.2 we show that
under certain conditions on the decay of U and VWP the probability of the
trajectory leaving a ball with a radius that grows like #7+ for some suitable
v > 0 can be made arbitrarily small.

More than that in Subsection 4.2 we not really look at a pure bound wave
function alone but at the more general case of a mixed wave function ¥ =
Paee + PPP. We show that for large times the set of all possible trajectories
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splits up according to the splitting of the wave function and that, while the
"bound” part of the trajectories stays inside a slowly growing ball (as de-
scribed above), the "scattering” part stays outside a ball with radius growing
linear in time and consists of nearly ”free” trajectories (Theorem 3)°. Then
the above statement about pure bound wave functions is an easy corollary
and we can recover also our statement about pure scattering wave functions
(Remark 11). Since the Bohmian velocity field v¥ = Im(%%) is not linear in
U this is in no way a trivial result.

4.1 Pure Scattering State

In the following let H = Hyo+V with V' € (V)4 and zero neither an eigenvalue
nor a resonance of H 7. Let  be R? without the singularities of the potential
V. Then Al holds.

We show that the long time asymptotes of P¥-almost all Bohmian trajectories
of pure scattering wave functions ¥, = e W, 0" € H,.(H) such that
A2 holds and with ¥g“ € S(R?®) behave like free trajectories in classical
mechanics. Here Wg* = W;llllo is the asymptotic outgoing wave and evolves
according to the free time evolution Wt = e~ tHotggut,

Remark 6. Analog to Section 3 we use @Sm € S(R?) just for convenience
(q.v Remark 5). To prove the results in this section it suffices that there
exists some C' < oo and some ¢ > 0 such that

(W5 (q)] < C(1+ |g) 7, 0795 () < C(L+1g)°=  (Inl=1)
and
(gt (k)| < O(1+ |k]) ™, OpTe (k)| < C(L+ k)™= (]n| =1)

for all ¢, k € R3.

Note that the conditions on W§" are the same as those on ¥, in Remark 5
(with n = 3), so (12) in Proposition 2 (and thus (27) in Lemma 2) remain
valid for » = 0 only, which however will be quite sufficient.

It would be of course preferable to have conditions on ¥y instead of ¥§“* and

60f course this is only true for P¥-almost all trajectories, but since all our results
concerning trajectories are of that probabilistic form we will refrain from mentioning it
every time.

"For V € (V)4 zero is said to be a resonance of H if there exists a solution f & Lo(R3)
of (Ho + V(¢))f(q) = 0 such that (1 + |¢|2)"2(1 — A)2 f(q) € Ly(R3) for some 1<s<
(44¢0)— 3 ([21] p. 584). The occurance of a zero eigenvalue or resonance is an exceptional

event ([21] p.589).
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\118“? For the conditions on \1181” we can use mapping properties between W,
and W Diirr, Moser and Pickl proved in Lemma 7 of [18]. Note however,
that their conditions on U§* and thus on ¥, are stronger than what we need
here.

Remark 7. Since S(R?) is left invariant under the free time evolution the
so-called intertwining property of the wave operators, e W, = W, e ot
guarantees that the class of scattering wave functions defined above is left
invariant under the full time evolution.

Remark 8. By Proposition 3 V' is Hy-bounded with arbitrary small relative
bound. Then A3 holds. This can be seen as follows (see e.g. Corollary 3.2
of [6] or Corollary 3 of [32]). For some 0 <a <1and 0<b

a
1AW < 2[(V = H) Wl < 2[S [ AT + bl Wil| + [|H ],

i.e.

2HY| + 26| Wil| 2 HWol| + 2]

:C
l1—a 1—a

1A <

But then also
VU] = (VU -VU,) = (U, AT,) < [[T]|[[AT|| < C.

Note that this together with what was said above gives us almost sure global
existence of Bohmian mechanics (by Proposition 1).

As in Section 3 we start with some estimates on the wave function ¥ and
the velocity field v?.

Proposition 4. Let ¥"* € S(R?). Then ¥, = e "MW, Ug" is continuously
differentiable except at the singularities of V and the following holds for

wa(q,t) = Wy(q) — 7" (q). (23)
There is a Ry > 0 such that for every T > 0 there is a Cy < 0o such that
1
lps(q, )] < Corr—rs Ylg| >0 (24)
gl (t + lql)
and
1
IVos(q,1)] < Corrm—rr Vig| > Ro (25)
lal(t + lql)

forallt >T.
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The proof can be found in [31] (Thm 2.1 and its proof; pp.5,6).

Lemma 2. Let Ug“ € S(R3), U, = e "H'W,Wg". Then

\ |d*q = 0. (26)

Moreover there exists a Ry > 0 such that for every r > 0 there exists a
¢ < 00 and for every T > 0 there exist C; < 0o (i = 2,3,4) such that for all
t>T and|q| >0

02 t r
<2 Lt (27)

I e o )

and for all |q| > Ry and all t > T with ¥,(q) # 0 and ¥ (q) # 0

0" (g,8) = 3| < ti(g. D) 7,

3 t
where f1(q,t) := Cj (I—I—C — )+C’—.
1 Tl 197@)1) ~ la

Remark 9. Note that the C; (i = 2,3,4) in Proposition 4 and Lemma 2
depend on T. However we shall not denote this dependence for reasons of
simplicity of notation.

Regarding (27), it suffices for the moment to keep it in mind with r = 0 (see
also Remark 4).

Proof of Lemma 2. Since U3 € S(R?®) and ¥¢“ obeys the free time
evolution Proposition 2 and Lemma 1 hold for ¥9**. Moreover by Proposition
3

lim ([, — 3| = lim [[Wo — e™e  HNUEH| = [[Wo — WG| = 0.

Since ||al? — [b]?| < |a — bJ* + 2|b||a — b|, where a = Uy(q) and b = U9 (q),
by the Schwarz inequality and the normalization of W we get

hm / 1W(q)]* — [0 (q)|?| d*q = 0 (29)
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Then (13) (with n = 3) and (29) yield (26).
Now let Ry > 0 as in Proposition 4 and 7" > 0. Noting that by (11) and (23)
[1:(a)| =5 F5 (D] < [W4la) = 27" () + W7 (0) — r(a.)| <
< |es(q,t)] + |e2(g, 1)

we get (27) from (24) and (12)(with n = 3).
Finally, to prove (28) we use

‘U‘P(q, t) — %| < !v‘l'(q,t) — """ (q, t)‘ + ‘U\I'out(q, t) — %‘ (30)

Then by Lemma 1 there is a ('} < oo such that

1 | We(g)]

ert@]” = ool

-9 < o <

s —1|\If"“t )|+ les(ag,t)]
< Cit 2|y (q)] () = (31)
_5 - |903(Q7 )|
= Oyt 3| 14 22 ),
] )

where we again used (23). To get a bound on the first term in (30) we will
use that

(o) < Dupiq) + ot (32)

for some C' < oo.
This is an immediate consequence of (15) (with n = 3) and ¥§“ € S(R?).
Then using the definition of v¥ and (23)

|v‘1’(q,t) _ U‘I’O“t(q,t)‘ = |Im V\Ijé(?)) Im ( \IJ\I:Z: } <
_ (@) (V7 (q) + Vigs(a,) — VU >(‘P?“t< ) +¢3(a. 1)) ‘ _
= W4(q)¥§(q)
= ()| Ves(a. t) = VI (g )é?;gf&t;! =
< e (et 0] + 190l 2480 <
lal _s ls(q,t)]
< }\I/t( ’ <|Vg03(q, )| + — |§03(Q7 )| + Ct™2 |\Pout( )|)
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If we plug this together with (31) into (30) we get

}qu(%t) - %‘ S

st + 28N 0, 1 0) 4 Vst )

<[l (e ()

Noting that \qlt 2 by (24) and (25) this finally yields

m
0¥ (a,t) = 4] <
<2, (g)| T [(Crt 2+02)+C2(01+C)| \|\If§“tg(q)] & ﬁ} <
< 72| Wy(q)| [(ClT"+C’2)+C2(Cl+C’)| ||\I]ff(q)| Cﬁ}
for all t > T and |q| > Ro. O
Qe

As in Section 3 we wish to control [v¥(Q(q,t),t) — | for times ¢ greater
as or equal to some big time 7. Looking at (28) one sees that this can be
done by putting suitable conditions on t2|U,(Q(q,t))], t2 [T (Q(q,t))| and
Q(qt . Since the first two terms both tend to |\I/°“t(Q(q N as t — oo, if the
asymptotlc velocities really are constant, i.e. if Q L Qat) — o (1), as in Section 3
it should suffice to have a lower bound for |\110“t( )|. Contrary to Section 3

here we have to put a lower bound also on Q( Y or rather % itself. But this
should come as no surprise. We cannot expect a particle to move "freely”
if it is still close to the scattering center, i.e. within the sphere of influence
of the potential. Since we wait only for a finite time 7" before we start to
look at the particle’s trajectory, we have to allow for some sort of minimal
"averaged velocity” a < % so that the particle is already sufficiently far away
from the spatial support of the potential at time 7. This consideration leads
us to the following definition and Theorem 2.

Definition 3. For U5" € Ly(R?) and for §; > 0, § > 0 and a > 0 define

B\Pgut

d1a

\i,out
={qeR’ g€ A;" Alg| >a}

and

Jout
\IIO
d1a

B;yS = {¢eR®|Us(q) C B



26 4 BOHMIAN TRAJECTORIES IN SCATTERING SITUATIONS

Theorem 2. Let U3 € S(R3), ¥, = e W, Wg"*. Assume A2. Then for
all € > 0 there exist some a > 0, 61 > 0, 6o > 0 and T, > 0 such that

q Jrout
PU({g € R | 7 € Bifhab) <= (33)

Moreover, for all ¢ € R*\{0} and all t > T, such that ¢ € Bigam

o1

s ou 5 2
tg|\I/t “q)| > 51 and tgl\lft(Q)l > B} (34)
and for all ¢ € R3\{0} such that * € Bg?;;
t
QTgiqa ) c UJZ(Ti) and
B Vt>T.. (35)

0" (Qr.(g,),t) — M\ =0t 2) < %

As the proof of Theorem 2 is quite similar to that of Theorem 1 we put it
into the appendix.
Now we can state the main result of this Subsection.

Corollary 3. Let g € S(R?), ¥, = e H'W, W5, Assume A2. Then

(1) veo(q) = tlim @ exists for PY-almost all ¢ € R* and the distribution

of Voo has density |Ug"|2.
(i) For all e >0 and § > 0 there exists a T.g > 0 such that

Yo ({q c R®| sup |[v" (Q(q,t),t) — Voo (q)] > 5}) <e. (36)

14
t>T25

Using Theorem 2 instead of Theorem 1 the proof is exactly the same as that
of Corollary 1 respectively Corollary 2.
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4.2 Scattering State + Bound State

In the following let H = Hy + V as in Subsection 4.1. Let U, = ¥}¥ + Wee
with U7 € H,,(H) and 0§ = e W, WUou € H,.(H) with ¥ € S(R?).
Assume A2. Then PY-almost all Bohmian trajectories exist globally in time
(Remark 8).

Assume further

A 4. There exist Ry > 0, « > 0 and C5 < oo such that U is continuous
differentiable in B, , U, € C*(BS,), for all t € R. Moreover

WP(q)| < Cslg| 27 and  |VUP(q)] < Cslg[ 27 (37)
for allt € R and |q| > R;.

Remark 10. Note that A2 already implies ¥, € C'(B§,) for all t € R.
Nevertheless, as we will use A4 separately, we added it here.

More importantly (37) is supposedly not too strong an assumption. Indeed
there is a huge amount of literature on the exponential decay of eigenfunctions
of Schrodinger operators, although results for the gradient of eigenfunctions
are rather rare (see [29, 30] for an overview). We wish to state two results

on eigenfunctions u € Ly(R?), i.e. solutions of Hu = Eu with H as above
and F < 0.

(i) There exist R > 0 and C' < oo such that

1
[u(g)] < Clg| e 1171
in BY, (see e.g. [1]).

(i) If in addition to the above V' € Kél) (where we use the notation of [29],
p. 467), i.e. if the singularities of V' are not too bad, u € C1(Q) and
for every ¢y € Q2

sup |Vu(g)| < C / u(q)| dg
{q€9||q0—q|<1}
lgo—q|<2

for some (possibly E-dependent) positive constant C' (q.v. [29]: The-
orems C.2.4. and C.2.5.). Using (i), we particulary get |Vu(q)| =

O(Jgle1#%14l) for |q| — oo.
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A4 severely curtails the probability that the modulus of the velocity [v¥™| of
a "bound” particle far away from the scattering center is large. If |v¥" (¢)| <

% is large, either |VW{?(q)| is large or |[¥}”(¢)| is small or both. But
A4 implies that |[VUP(q)| gets ever smaller for growing |q|, so the only pos-
sibility left is that |UPP(q)| and thus also |¥PP(q)|?, the probability of the
particle to be at ¢, is small and gets ever smaller for growing |q|. Therefore
it is most likely (with respect to P¥™) that a particle far away from the
scattering center has got only a small velocity and thus stays inside a ball
around the origin with radius growing only slowly in time.

But let’s turn back to the full wave function ¥ = ¥ 4 PP, We will prove
that there exists a natural decomposition of all possible paths in the following
sense. If one waits long enough, most (with respect to P¥) initial configura-
tions ¢ are such that the trajectory Q(q,t) either stays inside a sphere around
the origin with a radius increasing slowly like $TH (where 7 needs to be only
arbitrarily smaller than 2«) or is a nearly straight line and stays outside a
faster moving sphere (also centered around the origin) with a radius that
grows proportional to ¢.

Figure 1: Splitting of the Bohmian trajectories for ¥ = Wa¢ 4 ¥PP,

Moreover, the decomposition of paths corresponds quite clearly to the de-
composition of ¥ = W 4 UPP into scattering wave function and bound wave
function.

Theorem 3. Let U, = WP+ W0 with WP € H,,(H) and V¢ = e~ HIW, Tgut



4.2 Scattering State + Bound State 29

€ Hoo(H) with ¥ € S(R?). Assume A2 and A4. Define voo(q) := Jim Sad)
and (for R>0,T7 >0,v>0andd >0)
t, -1
KS(R.T) = {g € B| Q0| < R(L)™ vi=T),
K (R, T) :=

— {4 R | [Q(q, 1) >R% A 0¥ Qg ), 1) — vm(g)| <8 VESTY.

Then for all e > 0, 6 > 0 and all 0 < v < 2« there exist R.,s > 0 and
T.\s > 0 such that

PY (K5 (Reys, Tens) UKG (Rens, Tens)) > 1 — €. (38)
In fact
P (K5 (Reys, Tens)) — W01 < & (38a)
and
[PY (K5 (Rers, Trs)) — 10517 < . (38D)

We prove Theorem 3 in two steps. First we focus on the conditions under
which trajectories become asymptotically free (Theorem 4 below). Those are

. . . Ygut | . .
q 0 .
the same as for pure scattering wave functions (i.e. 4 € B;§ ): if a particle

at some big time T is sufficiently far away from the scattering center (% is

bigger than some minimal ”averaged velocity” a) and its "momentum” %

(recall b = m = 1) is not too close to a node of Wg* (|Wg“| > §, in some
neighborhood of %), the velocity of the particle for times ¢ bigger than or
equal to T" is well behaved (in the sense of (48) in Theorem 4 below, resp. of
(35) in Theorem 2) and the particles trajectory becomes asymptotically free
(proof of Theorem 3, resp. Corollary 3).

There are, however, two differences. The first concerns how fast a trajectory
becomes free. While for a pure scattering wave function the convergence of
the "real” velocity v¥ (Qr(q,t),t) along the trajectory Qr(g,t) to the ”free”
velocity M is of order t~2 ((35) again), for the more general wave func-
tion W = WP 4 U it is of order ¢t 7 ((48)below), where 3 := min{e, 5}
depends also on how fast WP? and VWUPP decay spatially (q.v. A4). The
convergence speed cannot be faster than for a pure scattering wave function
but it might very well be slower if WPP is spread out too much. The second

difference concerns how likely it is that a trajectory becomes free. While
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for a pure scattering wave function the set for which a trajectory becomes
Jout

free (4 € B;Ii%?a) has (depending on a, d1, d2, T') nearly full measure ((33) in

Theorem 2), for ¥ = WPP 4 P9 this is not true. The spatial support of the

bound part WPP stays concentrated around the origin for all times (see (22)),

so the probability that a particle is found near the origin and thus does not

fulfill 1 € B;‘Z; (which would entail |g| > aT") is not negligible, not even if
the minimal ”averaged velocity” a is so small that (nearly all of) the spatial
support of the scattering part has already left the ball with radius a7'. Thus
to get a set of nearly full measure we have to add those initial configurations
(at time T") that are still inside the ball with radius aT" (Definition 4 and (45)
in Theorem 4). Note however, that this radius a7 is not so big that the ball
encloses the spatial support of the whole wave function ¥ (in which case the
statement of (45) would be rather trivial) but just that of the bound part
UPP ((46) in Theorem 4).

So now we know that at T" there are two sets of initial configurations, those
that are outside and those that are inside a ball with a certain radius. But
while we know what kind of trajectories are made by the initial configura-
tions outside the ball (namely asymptotically free ones) we do not yet know
what the trajectories made by the initial configurations inside the ball look
like. This is what we concern ourselves with in the second step of the proof of
Theorem 3. We show that, for T big enough, the probability that a particle
starting inside the above mentioned ball leaves another ball with a slowly
growing radius (in the sense of Theorem 3) can be made arbitrary small.

Lemma 3. Let U, = WP+ 08 with VP € H,,(H) and U§¢ = e HIY Wovt ¢
Hoe(H) with U§“ € S(R3). Assume A2 and A4. Define (for R >0, T >0,
v>0)

AYRT):={qeR||Qq,T) <R A 3t>T: |Qqt)| > R(%)liw} _
={¢ e R’ [|Q(¢,T)| < R} N (K5(R,T))".

Then for all e > 0 and 0 < v < 2« there exist a > 0 and T, > 0 such that
Theorem /4 holds and
sup PY0 (A, (at, t)) <e. (39)

t>Te,

Remark 11. If ¥ = UPP  (38a) tells us that for ¢ — oo the probability of
finding a particle outside every ball with radius growing like ¢™+ (where 7y
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needs to be only arbitrarily smaller than 2«) is zero.

If U = W (38b) is a sharper form of (36). It adds that for ¢ — oo the
probability of finding a particle inside every ball with radius growing linear
in time is zero.

We proceed as in Subsection 4.1 and start with some estimates on the wave
function ¥ and the velocity field v¥.

Lemma 4. Let ¥, = WP+ 08 with V¥ € H,,(H) and ¥ = e HIY, Wovt ¢
Hoe(H) with Ug" € S(R?). Assume A4. Then

(1) for all e > 0 there is a R > 0 such that (22) holds.

(ii) There exist Ry > 0 and Cs < oo such that for all v € R there are
¢ < 00 and for all T > 0 there are C; < oo (i = 2,3,4,6,7,) such that
forall |q| > Ry and t > T

[[@:(q)| 3|5 (D] <

<2 et (L) + Cslgl R
PIGENE () + !

and, if neither U,(q) = 0 nor ¥(q) = 0 nor ¥ (q) =0,

U

T q 2 -
[0 (0.0) = {1 < B0 007 +ale, 00 s

(41)
with

1
B := min{a, 5}, fi(q,t) asin Lemma 2 and

U\ 24a ts -3 i
f,(q,t) == 05(H) {1 " }\Ifac(q | <f1(q’t)t Gl +C7Iq!))}

Proof of Lemma 4.

(i) As mentioned above (22) is a well known feature of all bound wave func-
tions. It holds true if V' fulfills the so-called Enss condition (Definition
4.1 in [25]): V is Hy- bounded with relative bound less than 1 and the
bounded, monotone decreasing function ||V (Hy + i)"'F(|q| > R)| is
integrable on (0,00). Here F'(|]¢| > R) denotes the operator of multi-
plication by the characteristic function of the set {q € Q| |¢| > R}.
For n = 3 the Enss condition is necessarily fulfilled if V' = O(|q|7'7¢)
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for |¢| — oo and some € > 0 (see Example 2.2 in [25] or the discussion
after (3.15) in [19]).

Since we assumed V' € (V)4 (22) holds. Moreover in our case it follows
directly from A4.

Let 7" > 0. Noting that
W) = 2[5 (]| < | W5()] = 2 [F5" ()| + |27 (o)
(27) and A4 immediately give (40).

To get (41) we proceed as follows.
With (28) and A4 we get

0¥ (a,8) = 3] < [0 (0, 8) = [ + 0" (@) = " (@ 0)] <
t? ¥7(a)|

< fl(q’t)‘\llt(q ‘(1 |\Ijac |)+
pp pp |V\IJQC )‘
+|Te(q)| [V ()] + | WP (g “\I;ac ‘} (42)
< t_%_ﬁ [f1<q,t>tﬁ7%+
"Ift(Q)|
ytrag  B@O7 4 V] 5
+C5(|q|) (1+ (o) )t7]

for all ¢ > T and all |g| > R;.
To get a bound on the second term we note that by (11) (with n = 3)
and (23)

IVU(q)| < |Ver(g,t)| + [Vealq, t)| + | Vees(q, 1)

and thus by (11), (12) and (25) there exist Ry > 0, ¢, < oo (1 > 0)
and Cy < oo such that

o < e e
Cy

TREL. EEAE
lq|(t + |al) G

for all t > T and |q| > Ro.
Since W% and thus also q\If"“t( ) and V‘I"’“t(%) are Schwartz functions



4.2 Scattering State + Bound State 23
1 t 4—2 . B
s S it we get with r = 0
[V¥i(q)| <
<t

and

Fsup |05 (D)] + 74 sup [V (D[4

aq 3 aq 3
Z€R 1eR

(44)

njot

t
+ Cy—t7 2+ ot

lq|

<

3 t
< Cst7z(1+ @m)

for some Cg < 00, C; < oo and all t > T and |q| > Ry.
Plugging (44) into (42) and taking Ry := max{ Ry, R, } gives the desired
result.

U

Since the spatial support of the bound part WPP of the wave function stays
concentrated around the scattering center we adjust Definition 3 and Theo-
rem 2 of subsection 4.1 as described above and get:

Definition 4. For U3" € Ly(R?) and 6; > 0, 62 > 0 and a > 0 define

B =B U{geR?||g| < a}

d1a

and

~\ijout ~\ijout

B (g e B |Un() c BYE,
Theorem 4. Let U, = WP+ 05 with U € H,,(H) and U§¢ = e HY Wout
€ Hae(H) with Ug" € S(R?). Assume A2 and A4. Then for all e > 0 there
are a >0, 61 > 0, 6o > 0 and T, > 0 such that

_ B U{geR?¥||ql <
} d192a {q € | |q| — a’}'

PV ({q € R? | 7% ¢ By 1) <e (45)
and
sup [P ({g € R* | Jg| < at}) — [ W5"|*| <. (46)

Moreover, for allt > T. and q € R® such that 4 € B;Iigaut

0 0 0
Bl > 5 Gl > ed Gle]>5 0 @)
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and for all ¢ € R? such that T% < B;Ii%:z

Qr.e.t) E(L ) € Udz(%)

0¥ (Qr.(q.1),t) — %q’t” =0t %) <6,

and
Vt>T.. (48)

The proof of Theorem 4 is essentially the same as that of Theorem 2 (resp.
Theorem 1) and can be found in the appendix.

To prove Lemma 3 we use that roughly speaking the quantum probability
flux 7% across a surface is a measure for the probability that a particle crosses
this surface. Thus we first establish some estimates on the flux.

Lemma 5. Let U, = WP+ W8 with WP € H,,(H) and W§¢ = e HIY Wovt ¢
Hoe(H) with ¥g* € S(R3). Assume A4 and let T > 0, r; € Ry (i =
1,2,...,4). Then there exist Cg < 00, Cy < 00 and ¢,, < 0o such that

sup 177" (q.t)| < Cslq| 7%, (49)
(S
t t =2 t
apac 7'[,‘ S e (— rlt_g +Cr LN 2 —I—CT, v Tgt_4+
0l < en () en () iy o () )
O t o 73 1 2
e () ey () e+ Oy
() () e ey
and for jm = ¥ — j¥7 — j¥°
. _3_ t \ry _3 t \rs, _5
m(g, 1) < e, (—) 7t Comrror—r e (— )t
0O < a7 en (02 oy + om0

for allt > T and |q| > Ry. Here Ry is as in Lemma 4.

Proof of Lemma 5. (49) we get directly from A4. Since ¥§“ € S(R?),
by the same argument we used in Remark 4 we get that (%)f\if(‘)’“t(%) and
(g)fv@gut(%) are bounded for every 7 € Ry .

Then (27) (which holds for ¥¢) implies that for every r, 7 € R there exist
¢, < 00, ¢ < oo and for every T' > 0 there exists some (5 < oo such that

312 C 5 t
Jac <t 2 \I,out g + —2 + Ttii Y <
@l < PO gy T ) S
(52)
<ot (LY + — 2oLy
4] lal(t +1al) lqi
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for all |¢| >0 and t > T.
In exactly the same way (43) yields: For every r, 7 € R{ there exist ¢, < oo,
¢ < 0o and for every T' > 0 there exists some C; < oo such that

3, \F C.
VU (q)| < cit™2 (=) + il 2

lq] t+lql) ret ) (53)

for all t > T and |q| > Ry, where Ry is as in Proposition 4.
Then (50) follows immediately from (52) and (53), (51) follows from (52),
(53) and A4. O

Now we can prove Lemma 3.

Proof of Lemma 3. Let ¢ > 0 and 0 < v < 2, let @ > 0 and 7. > 0 such
that Theorem 4 holds.
Let t > T. Since Q(g, s) is continuous in s (Remark 1) ¢ € A, (at,t) implies

that Q(g, s) crosses the moving sphere Sg,(5) (With Ry(s) := (at)(f)ﬁ) at
least once and outwards in [t, c0). Therefor P¥0(A,(at,t)) is bounded from
above by the probability that some trajectory crosses Sg(s) in any direction
in [t,00). The latter is given by (see e.g. [7, 15])

/ds / 7% (q,5) - 1| do =: P_(at,t).
¢

SRy(s)

Therefore it suffices to show that sup P_(at,t) < € for a small and T. big
t>Te

enough®. To do this we split P_(at, t) according to the splitting of j¥ implicit

8Note that while 7. depends on a (7% typically has to be increased if one decreases a)
a is independent of 7T.. So we won’t run into trouble even with terms like a=172%¢ =2 <
a~t72T-2> In fact we will suppress the dependence on a of such terms and just write
O(t=29).
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in Lemma 5,

P_(at,t) = P?(at,t) + P2(at,t) + P (at,t)

with

Pzp/ac(at’ﬂ:/ ds / ‘j\ppp/\llac(q’ 5) fz| do
t o SRrys)

and

P?(at,t):/ ds / ‘jm(q,t) : fz‘ do,

t SRy(s)

and show .
PP(at,t) = O(t~>*), P (at,t) = O(t~*) and P2*(at,t) = O(a®) + O(t™2).
By (49)

PP (at,t) < 47Cy / Ri(s)"'"*ds = 4w Cg(at) 172

t

1
A O(t2*).
200 — vy
In exactly the same way we get the desired bounds on P*(at, t) and P2¢(at, )
since for s > ¢t > T, and |q| > Ry, (7.) big enough, i.e. for 7. big enough,
(50) implies

‘j‘l’ac(q7 S>‘ S
1 1
SefsP 4 ————s T s s 73
lq|(s + lql) |q|(s + lql)
1 2
+O0y(— ) <
(e

S 611873 + C'2|q|*2s*%
and (51) implies

) _3_, _3 1 _5
(2, 5)| < lal 27 (cos™2 + Colg| ™t +cs73) <
< Cslq| 372572 + Cylg| "2 s
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Remark 12. In the proof of Lemma 3 we used Lemma 5 with r; = 0 and
thus (12) in Proposition 2 with » = 0 only. Thus as in subsection 4.1 we can
replace the condition \i/g“t € S(R?) by the weaker ones in Remark 6 and still
attain our main result, Theorem 3.

Finally we prove our main result, Theorem 3.

Proof of Theorem 3. Let ¢ > 0 and 0 < v < 2a. Let a > 0, §; > 0,
d2 > 0 and T, > 0 such that Theorem 4 and Lemma 3 hold.

Since

{¢eR’||q| < aTl.,} =
t o1
= {q € Rg ’ !q, < aTs'y A Jt> TE“{ : ‘QTE’Y(Q7t)‘ > aTE’Y(T_) 1+7}U

ey
t 1
U {q € R? | 1Qr, (¢, )] < aTm(T_) T v > TE’Y} —

ey
= Ay (a1, T.) U KjTE (aTey, T.)
and
~\ilout

\i,out
Bs 5.0 = Bs 50 U{a € R? | |q] < a}

we get

P ({a e B | 7 e BYLY) -

=B <{q ER?| T
S IP)‘I/TEA/ (A'YTS’Y (GTE'Y’ TE'Y)) _|_
PV (K, (0T To) U g € B | 7 € BYEL),

ey

Moreover, Qr.,(q,t) = ®;7..(¢q) and Q(q,t) = Py(q) (see Subsection 2.2),
so as in the proof of Corollary 1 by equivariance we get

P (A1, (aT-y, Tzy)) = PY (A, (aTy, T2y)).
Thus Lemma 3 and (45) in Theorem 4 yield

= 36152(1} UA’YTE (G’Ta'yaTa'y) UK Tery (CLTE,WT )) <

P (K5, (0T, Tey) U {q eR| - ¢ ByEY) >

Y

> Pen ({C] ER’ | T 6 B&éza}) —pY (A’Y(GTE'W Ta’y)) > (54)

>1— 2e.
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Now let 7 € B§152G
Then (48) in Theorem 4 implies that there is a C' > 0 such that

t2

< [l @u ) -

t1

| Qr,(¢,t1) Qmn,(q,t2) QTEW(

| dr <
t1 to

(55)

to
C C
< O/r—l—ﬁ dr = = (t;° = t;°) < =°
5( 1 2 ) ﬁ 1
t1
for all to > ¢, > 1T,,.
For § > 0 define 7,5 := max {Taq,, ( 1+ﬂ ) } Then (55) yields

t t
‘QTM(% 1) _ QTSV(% 2)| QT B <4
tl t2

ﬁ eyd —

for all t1, to > T.qs5.

Since § > 0 was arbitrary this implies that QTE”(

QTg’Y (qvt)

Vs Cauchy, i.e. lim :

t—o0

exists.
Moreover, by (48) and (55),

|v‘1’ (Qr.,(g,t),t) — lim Q.. (q, s){

§—00 S

QTEW (Q7 t
t

t
‘ + lim ‘QT&’Y (Q7 ) N QTE’YEQ’ S)

<0t 4 1im S = 50y < L B opi < 5

s—o00 3 [E; €76

for all ¢ > T,s. Since (48) also implies M € Us, (%7) C B;II(ZM and thus
Q.. (q,t)] > at for all t > T,,; > T, (54) and (56) give

< [0 (Qu.,(g,1),1) — | < (56)

PY7e (K, (aTty, Tiy) U {g € R? | Q1 (¢,8)] > at A

A 1o (@r0.0,8) — tim Y200

§—00

| <6 Vt>T.5}) >
>1—2e.

But T.,s > T, and thus K3 1, (aT.y,T,) C Kij(aTmé’ T..s), so we also get

PY7en (KiTm (aTa'yéa Ta’yé) U{qe R? ‘ ’QTSV (g,t)] > at A

N ‘UW<QTE«,(Q?t)7t) — lim M} <6 Vit > Ts'y5})

§—00

>1— 2e.



4.2 Scattering State + Bound State 39

By equivariance,

PY7e (Kij (aTers, Ters) U {q € R? | Q.. (q,t)] > at A

A ’v‘l’(QTm(q,t),t) — lim QTE”—(Q’S)‘ <40 Vt> ng}) =
S—00 S
= IP\I]O (K,? (G/Tew& Ts*yé) U K§> (G/Tevéa Tsvé))a
so finally
PY (K5 (aTwys, Tens) UK (aTeys, Tens)) > 1 — 2¢. (57)

Thus it is left to show (38a) and (38b).
Again using equivariance,

P ({g € R* | |Q(q.1)] < at}) =P*({g € R* | |g| < at}),
by (46) in Theorem 4 we get

sup [P ({g € B[ [Q(g,1)] < at}) — V5P| <. (58)

Noting that
Ki(aTméaTE%) C {q eR? | |Q(q7t)| < ang}
and
(K,f (aTzys, TEWS))C ={¢ e R’ |]Q(q, Ters)| > aTeys} U Ay (aTiqs, Teys)
(58) gives us
PY (K5 (aTeys, Tiys)) < PY({q € R? | |Q(q,1)] < aTiys}) < [[VEP)* — ¢
and

PY (K5 (T s, Tens)) = 1 — PY((KS (aT2rs, Tens)) ) =
>1-P" (AV(CLTEWé? Tmé)) — P ({q € R’ | 1Q(q, Tors)| > aTevé}) -

= PY({g € R | |Q(g, Tors)| < aTirs}) — P*(Ay(aTirs, Tons)) >
> qugp”Z —&= ]P)‘IIO (A’Y(CLT5767 Tsv&))'

By Lemma 3 the latter gives

PY (K5 (aTwys, Teys)) > [ WEF]1% — 2.
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In the same way (58),
K5 (aTts, Ters) € {g € R [ |Q(g, )] > aTlys}

and again

K’?(GTE’Y&TE’Y(;) C{q e R’ [|Q(g,1)] < aTiys}
yield

P (K;(ang,ng)) <Pp¥ ({q cR’ | [Q(g, )] > aTavé}) -
=1-P"({g € R | Q(q¢,1)] = aTiys}) <
< 1= (I —e) = [175°)|* +¢

and
]P)\IJO (K5> (aT€767 Tsvd)) >

> PY({g € R? | |Q(q,1)| < aTtrs} UKZ (aTirs, Tors)) —

— P ({qg € R* | |Q(q,1)| < aTirs}) >
Z P\I}O (K’j <aT5’Y57 TE’Y(S) U K6> (aT€757 Ts’y&)) —

~P"({g € R* | |Q(q, )| < aTips}) >
> PV (K5 (aTtys, Tons) UK (aTtrs, Teys)) — (I1WHP]° + ).

By (57) the latter gives

P™ (K5 (a5, Ters)) > 1= [IW5°]1* — 3e = || 7| — 3e.
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5 First Exit Statistics for Distant Surfaces
and V € H,.(H)+H,,(H)

In this section we show that the first exit statistics for a distant surface made

by a wave function W 4 W% + WPP is mainly given by the scattering part W?¢

of the wave function and thus by the well known expression [ |¥§“(k)> d*k.
c

Let R be the distance of the surface from the scattering center. Then there is
some time t(R) (with t(R) — oo as R — 00) such that the first exit statistics
made by U until ¢(R) are asymptotically the same as those made by W for
all time. Moreover, the first exit statistics made by W for all time differ from
those made by W% at most by ||UEP||2. So if || UEP||? is small, for distant
surfaces we get essentially the same exit statistics no matter wether we use
the whole wave function ¥ or only its scattering part U*° to compute it.
Let ¥ C R? be a smooth oriented surface and let AT = [T,T}) be some
time interval. We say a particle is detected on X during AT, if it crosses 2
in positive direction during AT, where we count first crossings only. Thus
we are interested in the first exit statistics which are completely determined
by the expectation value (with respect to P¥) of NY | the number of first
crossings of ¥ in positive direction during AT, respectively the number of
particles detected on ¥ during AT?.

In a scattering situation the (detector) surfaces of interest are spherical and
very far away from the scattering center, so we will consider surfaces RY :=
{Rq € R®| ¢ € &}, where ¥ C S; is measurable and R tends to infinity.

Let H = Hy+V and ¥ = U 4 UPP as in Subsection 4.2. Then in the
sense of Theorem 3 all possible Bohmian trajectories split up into "bound”
and "scattering” ones. Moreover, if the scattered particle has a ”bound”
trajectory it will reach a distant sphere Sr with radius R — oo at the
earliest at some time t(R) proportional to R'*7 (see Figure 2). Therefore the
probability that a particle crosses a spherical surface R before ¢t(R) should,
for R — o0, be determined by the scattering part ¥ of the wave function

alone. More precisely, it should be determined by the flux-across-surfaces
t(R) #(R)

integral [ dt [ j¥" -fndo (instead of [ dt [ j¥ -ndo). Moreover, since
T  R% T RS

"scattering” trajectories far away from the scattering center become straight

lines pointing outwards radially, they should cross RY at most once and
outwards. Thus the first exit statistic for a particle crossing RY. before t(R)
should be given by the above crossing probability (by the above flux-across-

9Since N‘dl'et takes on the values zero and one only, the expectation value indeed deter-
mines the whole statistics and is equal to the probability of NY., = 1.
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surfaces integral).

This is presumably not true for the time after ¢(R), since one would not
expect a "bound” trajectory to become a straight line. Recall, however, that
"scattering” trajectories move out linear in time, so what is left inside the
sphere Sy at time t(R) is of order ||UE||? (for R — oo; compare (38a) of
Theorem 3 and recall ¢(R) ~ R'™). But surely, if "what is left inside at
time t(R)” is of order ||[U#||?, "what can come out afterwards” is of order
9272, too?,

t<t(R) t=t(R)

Figure 2: When do the bound trajectories reach RX?

In line with the above we shall establish the following. Let N3, (T, T}, R, )
be the number of particles detected on RY during [T, T%) if the system un-
der consideration is subject to the wave function ¥ = W + WPP, Then for
distant surfaces the first exit statistics for a particle crossing R before t(R)
is determined by the scattering part W% of the wave function alone!! and

10Here it is important to note that we look at the first exit statistics, i.e. if a trajectory
crosses a surface more than once we count it the first time only.

UThe term |[Wge|?EY™ (NY., (T, 00, R, %)) in Lemma 6 might at first come as a little
surprise and seem unnecessarily unwieldy. One might rather expect to find something like
E¥" (N}, (T,00,R,¥)). However, since ¥ is not normalized (unless ¥#P = 0) P¥™ is

not a probability measure and thus E¥* (Ng;c (T, 00, R, E)) is not an expectation value

in the strict sense of the word. So we normalize Wo¢, o€ .= %, take the well defined
0

expectation value E¥* (Ng’;c (T, 00, R, E)) instead and account for the fact that we really
want to look at the "statistics” made by W by scaling E¥" (N, (T, 00, R, %)) down
with || @ge||?.
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thus by [ [|Wg“ (k)| d®k, the probability to find the quantum mechanical
Cy

momentum k in the cone Cy spanned by ¥ (Lemma 6). Moreover, what
comes out after ¢(R) is bounded from above by [|[¥??||? (Lemma 7).

Lemma 6. Let the potential V € (V)4 and let zero be neither a resonance
nor an eigenvalue of H. Let W, = Wi + WP with WY* € H,,(H) and Ui =
e W, Ugut € H,.(H) with ¥t € S(R?). Assume A2 and A4. Let ¥ C S,
be measurable. Then for all T € R, ¢ > 0 and 0 < v < 2«

lim [E¥ (N}, (T, 10, (R), R %)) = | WG |PE™ (NG, (T, 00, R, X)) | =

R—o0

= lim [E¥(Ny,(T,00,R, X)) — / (et (k)2 d*k] =0, (59)
Cs

R—o00

where te,(R) = max{T,cR™*"} and ¢ .= ngzn-
0

Lemma 7. Let the potential V € (V)4 and let zero be neither a resonance
nor an eigenvalue of H. Let W, = W + WP with W € H,,(H) and Vi =
e HHIW Wout € ‘H,.(H) with Ut € S(R3). Assume A2 and A4. Let 3 C S,
be measurable. Then for all T € R, ¢ >0 and 0 < v < 2«

0 < lim EY(Ny,,(tey(R), 00, R, X)) =

R—o0

= lim [EY(N;,(T, 00, R, X)) —EY(NL(T,t(R),R,X))] <  (60)

R—o0

< g,
where to,(R) := max{T,cR*™}.

Lemma 6 and Lemma 7 together immediately yield the main result of this
section. The first exit statistics for a distant surface RY of a wave func-
tion ¥ = W 4+ PPP and that of its scattering part ¥, which is given by

[ |Wg(k)|? &k, differ only after some big time t(R) and the difference is
Cs
bounded from above by |[¥??|%.

Theorem 5. Let the potential V € (V)4 and let zero be neither a resonance
nor an eigenvalue of H. Let U, = Wi + WP with WP € H,,(H) and V§° =
e W, Ugut € H,.(H) with Ut € S(R3). Assume A2 and A4. Let ¥ C S,
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be measurable. Then for all T € R, ¢ >0 and 0 < v < 2«

0 < lim EY(Ny,,(tey(R), 00, R, X)) =

R—o0
= lim [E¥(Ng(T, 00, R, %)) — U5 |E"" (N, (T, 00, R, 1)) ] =

. 61
= lim [E¥ (NL.,(T, 00, R, X)) —/y\pg“t(k)ﬁd?’k] < (61
Cx

< g,

where to,(R) := max{T,cR'"*7} and U := Hg(Z)ZH'

To prove Lemma 6 and Lemma 7 we proceed as follows. First we give a
rigorous definition of the number of detected particles N, and elaborate on
the connection of E¥(NY,) to the flux-across-surfaces integrals (Definition
5, Definition 6, Proposition 5 and Proposition 6). This part of the proof is
nothing new ([7, 15]). We will mainly follow [15] but adapt some of their
definitions to our need of lesser generality and to conventions used earlier
in this text. Next we prove a flux-across-surfaces theorem (FAST) for ¥ =
Wae 4+ PP to help us express E¥ (NY,(T,¢(R), R,3)) in terms of |Uge|2.

Lemma 8 (FAST). Let the potential V' be in (V)4 and let zero be neither
a resonance nor an eigenvalue of H. Let W = Wee + WP with Wi¥ € H,,(H)
and 9¢ = e HNY, Wout € H,.(H) with Vg* € S(R3). Assume AJ and let
Y C Sy be measurable. Then for all T € R, ¢ > 0 and 0 < v < 2«

tey(R) tey(R)

Jim / dt/j‘l’(q,t)-ﬁdo:Rlim / dt/‘jq’(q,t)-ﬁ‘da:
RY

T RY T

AL RCIRE
Cs

(62)

where te(R) := max{T,cR"}.

This finally gives us the means to show Lemma 6 and Lemma 7.
We start with some definitions.

Definition 5. Assume A1-A3. Let ¥ C S; be measurable and Ty > T € R.
Define RY :== {Rq € R® | ¢ € X}
We define the number of positive (negative) crossings NY (T, T, RY) of RY
during [T,T}) by

NY(T, T, RY) : R® — Ny
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with
NY(T, Ty, RY)(q) :=
={te[l,Ty) | Qlg,t) € RE A Je>0: sup [Q(q,s) S R}

t—e<s<t

if ¢ € Qr, and

NY(T, Ty, RE)(q) = 0

if ¢ € R3\Qp. Here |A| denotes the cardinality of the set A.
Then the number of total crossings is given by

NY(T, Ty, RY) : R® — N,
NY(T, Ty, RY) := NY(T, Ty, RS) + NY(T, Ty, RY)
and the number of signed crossings by
Ny, (T, Ty, RY) : R® — Z,

NY (T, Ty, RY) := NY(T, Ty, RY) — N¥(T, T}, RY).

sig
Then one can show the following ([7] Lemma 4.2 and pp.34-37; see also
Section 4 in [15]).

Proposition 5. Assume A1-A3. Let¥ C Sy be measurable and Ty > T € R.

Define RY. := {Rq € R* | ¢ € ©}. Then NY(T', Ty, RX) and N}, (T, Ty, RY)
are random variables on the space R? of initial configurations.
Moreover
Ty
B (NS, (0T BE) = [ dt [ *(a.0) ivdo (63)
T RY
and
Ty
EY(NY(T,Tr,RY)) = /dt/ 15¥(q,t) - 1| do. (64)
T RS

Remark 13. In Definition 5 and Proposition 5 we use slightly different
assumptions on H and ¥ than [7] and [15]. Note however, that what is used
in their proof of Proposition 5 (and Proposition 6 below) is the regularity
of the solutions Q(g,t) of (4) that follows in the context of the proof of
almost sure global existence of Bohmian mechanics. So wether one uses their
assumptions (which in fact are the assumptions of Remark 3) or A1-A3 is
merely a question of preference.
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Now we can define the number of detected particles N ,.

Definition 6. Assume A1-AS3. Let ¥ C S; be measurable and Ty > T € R.
Define RY. :={Rq e R® | ¢ € X}.

We define the first exit time when a trajectory leaves the ball Bg (crosses the
sphere Sg outwards) by

tex(T,R) : Q — [T, 00],
oo R)(g) = max{t > T | |Q(a.) = R A sup [Q(a.)| < R).

T<s<t

where we set t.,(T, R) = oo if the above set is empty.
Then the number of particles detected on RY during [T,Ty) is defined by

NG (T, Ty, R, YD) : R® — {0,1},
1 ifte,(T,R) € [T,T}) and Q(q,tes) € R,

0 else.

N(?et<T7 Tf, R, E)(q) = {

To connect E¥(NY,) with the flux-across-surfaces integrals of Proposition 5
we exploit that the difference between the number of first positive crossings
Ny, and the number of signed crossings N, for the closed surface Sg is
bounded by the number of negative crossings N¥ = %(N‘I’ — N;I;g) and get
with the help of Proposition 5 (see [15] for details)

Proposition 6. Assume A1-A3. Let ¥ C Sy be measurable and Ty > T € R.
Define RY. := {Rq € R® | g € X}. Then
[E* (N (T, Ty, BY)) — B (N (T, Ty, RY))| <
7 (65)
1 . . . .
<5 [t [ (5D il - a0 -0) do

T RS

With this and Lemma 8 we can prove Lemma 6 and Lemma 7.

Proof of Lemma 6. Let T € R, ¢ > 0 and 0 < v < 2a. Using (62) and
(65) we get

. N 7 . v v

Z%I—IEOE (Ndet(T7 tC’Y(R>7R7 E)) = ]%EI;OE (Nsig

Moreover (63) and again (62) yield

(T, te,(R), RE)).

tey(R)
i B (N2 (Tt (B, BD) =t [ d [ (qut) o =
T RY

AR
Cs
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Thus
lim EY(NJ,(T,t,(R), R, X)) = / [Tt (k)| dk. (66)

R—oo
Cs
In exactly the same way we utilize the FAST for pure scattering wave func-

tions ([31]: 2.1 Theorem, p.3)

}%im dt/jq’ac(q,t) ‘ndo = }%im dt/ ‘jq’ac(q,t) ﬁ! do =
T R% T RY (67)
= [ we e
Cs
to get

i B (NI (700, R 3) = [ 1850
Cs

But by the definition of ¥, we have ]@Sm(k’)P = W!@S“t(k’w and thus

Jrac Jac 1 ~
Jim BV (N (700, R.9) = e [ 1P @k (69)
01"
This and (66) immediately give (59). O

Proof of Lemma 7. Let T € R, ¢ > 0 and 0 < v < 2.
The equality in (60) is trivial. Since N%.,(¢.(R), 00, R,X)(q) € {0, 1} for all
q € R3, s0 is the first inequality. Thus it is left to show

Jim EY (N2, (£ (). o0, R. %) < | w7
Since X C Sy, NI, (tey(R), 00, R, 2)(q) < N3, (tey(R), 00, R, Sy) for all ¢ € R3
and thus also

lim E¥ (NJ,,(tey (R), 00, R, X)) < lim EY(NJ,,(tey(R), 00, R, S1)) =

R—o00 R—o00

= lim |EY(Ny,(T, 00, R,S1)) — EY (N, (T, ter(R), R, S1)) | < (69)

R—o00

<1- lim EY(NL.(T,t(R), R, 1)),

where in the last step we again used N} (T, 00, R,S;)(q) € {0,1} for all
q € R3.
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However, by (66) and Dollard’s scattering into cones theorem (equation
(1))we know that

lim EY (N, (T, tey(R), R, S1)) —/\@gut(k)\2d3k =

R—o0
R3
— tim [ 1) = Jm e = 0
R3
Putting this into (69) yields the desired result. O

Finally it is left to show Lemma 8.

Proof of Lemma 8. It suffices to show (62) for some fixed 7" > 0 since the
set for which (62) holds as well as the right hand side of (62) is invariant
under finite time shifts'?:

tey (R) tey(R)
Jim / dt/j‘l’(q,t)-ﬁda:}%im / dt/j‘l’(q,t+fo—T)-ﬁdo:
to RY T

RY
:/|€—ik2(fo—T)\ijgut(k:”QdSk:/|\i,8ut(k>|2 dgk‘
CZ CE

R—o00

Now let T" > 0, ¢ > 0. Since t.(R) — oo for all 0 < v < 2« (67), the
FAST for pure scattering wave functions, yields

tey(R) tey(R)
lim / dt/jw(q,t)-ﬁdazgim / dt/lj“’“(q,t) | do =
T RY T RY

= [1oge e a.
Cs

To prove (62) it therefor suffices to show that j¥ — %" does not contribute
to the flux across distant surfaces during [T, t.(R)), i.e.

tey (R)
Jim / dt/\(f’(q,t) — 77" (q,t)) - 2| do = 0. (70)
T SR

PTnvariance of S(R3) was established in Remark 7, for A4 it is trivial.
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Let 0 < v < 2a and R > R, such that cR'™ > T (where Rj is as in Lemma
4). Using | (¥ — ) - 2| < [j¥| + |jm| and the definition of t.,(R), (49)
and (51) (with r3 =74 =1 and m <lq|7't71) yield

tea (R)
/dt/‘(jm(qat)—jwac(q,t))'ﬁ|da§
T Sk
ten (R) )
= dt/ CgR™37% 4 R27(eR™M(t™2 +172) + CoR ™17 Y) | do =
T Sp
tex () ]
= oty ot o] -
T Srp

= O(R 240 () + O(R 421, (R)}) = O(RH77)
Thus (70) holds and we are done. O

Remark 14. If we use the FAST for pure scattering wave functions under
the condition it was formulated with in [18] (namely ¥§¢ € (), we can replace
the condition W5 € S(R?) in the results of this section by:

(i) Uace G:= {J e ™' f with f: R® — R? such that

teR
f € Hae(H),
H™feD(H), me{0,1,...,7},
(L+1gD)*H™ f(q) € Lo(R?), me{0,1,...,8},
(14 [g)*H™f(q) € Lo(R?), m € {0,1,...,3}.

(ii) There is some C' < oo, € > 0 such that

(T8 ()] < C(1+ [gl) 77,
795" (@) < C(L+1g)7% Il =1,
0505 ()] < C(L+gl)™*5, Inl =2

Here 7 is a multi-index.

The conditions on Wg* assure that (12) in Proposition 2 holds for r = 1
which was all we used it with (via (51) of Lemma 5).
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6 Appendix

Proof of Theorem 2. Let ¢ > 0, 7. > 0 and C’g%:;(Ta) ={geR’| L &
By%" }. Then

P (O (L)) <

—3F,0u q —31\F,0u q
< / T30 (L )P g + / T (L) 10, (g dq <
Rs

A (e , Tz
oy (1) (71)
70U —3150ut; 4
< [ pgmper s [ GhE - @ ¢
(BI )e -

where k := 7%.
To get a bound on the first term we note that

Jrout Jrout
U W

c c \ijout \ijout
(Bsa) = (Bs )°ULa €R? [ q € By, AUs, Byl } =

d1a

\ijout c \ijout
= (Bal(; ) U Ds 500
and
\i}out c \i/ c
(Bs2 )° C (A" U{g e R ||| < a}.
Thus
JRCROREE
(B e

< / B (k)2 P+ / B (k)2 d°k + / e (k) 2 k.

|k|<a \i/g”t

N7
0
(As5,)° 5165a

We note that @8’“ is square integrable, so the first term can be made smaller
than £ by choosing 0; small enough (as in the proof of Theorem 1), the second

by choosing a small enough. Since Wg* € S(R?) also implies that W3 (k) is

Jrout
continuous in k, Bz‘fl is open and the third integral can be made smaller

than § by choosing d; small enough.
To get a bound on the second term in (71) we use that by (26)

—3130ut; 4
[ 1T P [ ()P g <
R3

1 ™
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for all 7. big enough.
Thus (33) holds for all T, big enough.

Since W& obeys the free time evolution the first part of (34) follows imme-
diately from (17). Noting that ¢ B{;Iﬁut implies ﬁ < L and [T4(9)] > &
the second part of (34) is a direct consequence of (27) (with r = 0 and 7}

big enough):

3 o q Co 3 1
£510,(q)) > |weet(Dy) - — 22 43 et >
01

t Co
>(51 Cgt 2H—Cot7 >51——t2—ct1>5
q

Now let ¢ € R*\{0} such that 7 € B:i%z; Suppose there exists some t; > T
such that QTE(q’tl) ¢ Us, (7). Smce Qr.(g,t) is continuous in ¢ (Remark 1),
this implies that the first exit time t., := max{s > 7. | QTET(‘I’S) ¢ Us,(£) A
QTE 28) ¢ U (F) VIL <t < s} exists and |% - Tig} = 09. Moreover
M € B(Slat (i.e. (34) holds), and @ < Lforall T, < 7 < tg,. For
T. big enough the latter also implies Qr.(q,7) > Ry, i.e. (28) holds (with R,

as in Lemma 2).
Then by (28) and (34)

U\Il (QTa <QJ t)v 13

204 02 2 _1 _1 52
< 1 — 1t — | —tT2 < (t 2 _“
_[03<+a51 )+ }5 <Ot <3

e E

VT, <7 < te.

So finally for 7. big enough

QTE Q7 em . i <
T.| —
tex 1 tew
= /_ 0¥ (Qr.(g,7),7) - F2D ’ dr < C//T_g dr <20'T5 % < b,
T T
T. 7

which is a contradiction.
Hence (35) holds. O
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Proof of Theorem 4. Let € > 0.

Since
W) = 1) + WP + RV @) <
< () * + 197 (q) 1 + 2195<(q) || W17 (q)]
and
~\i}8ut c \iJSut c 3
(B(51(52a) - (B51§2a) N {q €R ‘ |q‘ > CL}
we get by Schwarz inequality
q ~\i,out
P ({q e R? | 7 ¢ B;S,at) <
< [ wr@Peos [ wrePee
C(;i‘lgtgl;i(TE) |q|>aTs (73)
: :
2 [ wgered | [ zored
Ci@ZZ(Tg) la|>aT:

Jout Jrout
where C’i%Qa(TE) ={qeR’| £ ¢ B;Ii%w} is the same set as in the proof of
Theorem 2.
In the same way we get for t > T,

P¥({g € B* | Jg| < at}) <

< [ wrPdes [1vr@P e
R3

lq|<at
) )
v2| [ rwra | [loraped <
la|<at R3 (74)
2
< / |\Ifzc<q>|2d3q+||\Iffp||2+2||\v€p||[ / |\If?c<q>|2d3q} <
lg|<at lq|<at

2
< o) + / |wzc<q>|2d3q+2{ / |\vzc<q>|2d3q}

lg|<at lg|<at



o4 6 APPENDIX

and

P"({g € R*| |q| < at}) >
>PY"({geR’||q| <al}) >1-P"({g eR®| || > al.}) >

> 1w / W (g)|? dq—

|q‘>aTs
ac pp 2 13 % (75)
o ||[ | 1w <q)|dq} >
lq|>aT:
3
>pepi- [ rarde- | [ erere
lg|>aT: lg|>aT:

By (33) [ |¥¢(q)|*d*q can be made arbitrary small if a, J; and J, are
SO

§1d0a
small enough and 7. (and thus ¢ > T.) is big enough. Since {¢ € R |
lq| < at} C C’(Sl(sw( ) this implies, that [ |09¢(q)|* d*q, too, can be made
la|<at
arbitrary small (in fact it suffices to suitably decrease a and increase 7). By

Lemma 4 (i) [ [¥(q)]*d*q can be made arbitrary small if at > aT. is
lg|>at

big enough, i.e. by increasing 7. appropriately. Thus (45) holds by (73) and

(46) holds by (74) and (75).

Now let ¢ > T, and ¢ € R*\{0} such that ¢ € B& ° . Then by (34) the first

and second part of (47) hold.

Moreover, since |q' > a (which for T, big enough implies |¢q| > Ry with Ry as

in Lemma 4) }\If‘)“t 9)| > 6, and Lg2

lal( t+\q\) Tdl , (40) with r = 0 gives us

3 CY2 _1 -1 C’5 — (51
t2 | >0, — —t 2 —cotT — > —
| t(q)} 1 a Co a%+a 9

for T, big enough.
Jout
Now let ¢ € R*\{0} such that 7 € B;Ii%za and suppose that the first exit time
ter = max{s > T, | =) ¢ Uy (L) A 0 e g (L) VI <t < s}
(q tew) i’ -5
T: 2

tex

Moreover QTST((M) € B;iﬂt for all T, <t < t.,. By (41) and (47) this implies

exists. Then, by continuity of Qr.(g,?) (Remark 1),
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that there is some C' < oo such that for all T, <t < t.,

0¥ (Qe(g,1), 1) — =D

< ;t—ﬂ{tﬁ—i [C (1+ 2—C‘%t—l) + %] +
a

| <

01 ady
2 2 C
e G [1+—((03( 14 20 )+C2)t“+06( 7))]}§
a2t (51 5
< Ct™".

Thus for T big enough

}QTsi%tem) _Ti‘ S/%‘y\k(QTg(q?T), ) QTs(Q7 ‘d <

<(C / 1P dr < %TE/B < 09.

T:

But this is a contradiction. O
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